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ABSTRACT 

The Rietveld technique of profile refinement of powder diffraction 

patterns makes the powder method much more competitive with the standard 

single ~stal technique for the precise determination of moderately complex 

c~Btal structures. This report describes modifications to Rietveldts 

original computer program to allow the refinement of anisotropic thermal 

vibrations, and is intended as a guide for the use of the program at 

HArwell. Examples are given of recent work at Harwell in which the tech·· 

nique has been used to study struotural transitions in ferroelectrics and 

hydrogen bonded materials, anisotrQl)Jc and anharmonic atomic vibrations, 

and defect and magnetic structures, as well as for standard c~stal 

structure determination. 
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1.	 Introduction. .Advantages of the neutron powder method for crystal 
structure determination 

-:.: It is much 'easier to obtain a powder specimen than a single crystal of the 

size required for neutron diffraction: in some cases in fact, it is impossible 

'-~ to grow a suitable single crystal (&'.2). Even when single crystals are avail.. 

able, a strong argument can often be made for using the powder method insteado 

.At first sight-, the powder method appears to be at a great disadvantage for 

work on any but the most simple structures. The usual technique of integrating 

under the Bragg peak. to obtain the intensity or ma~tude of the structure factor 

for each reflexion is impossible for more complex struotures because of the 

overlap of adjacent Bragg peaks. This immediately rules out all of the standard 

methods of struoture refinement developed over the past six,y years. It does not 

however, mean that the structural information is lost, merely that a new tech­

nique is needed to retrieve it (Rietveld, 1967). The very complexity of over­

lapping powder patterns means that they contain much information about the 

ory~tal: structure. Rietveld's idea was to forget about separating the individual 

Bragg reflexions, and to oonoentrate instead on using the detailed shape of the 

powder pattern to decide between various structural models. The parameters for 

these models can be refined to give the best possible fit to the powder pattern 

profile. 

Of course, information is irretrievably lost in a powder pattern if there 

is exact coincidence of two or more diffraction peaks. For example, in the 

cubic perovskite structure ..AB0 differenoes between the intensities of they 
(710), (550) and (543) reflerlons, a·ll of which appear at the same Bragg angle~ 

yontain i.nt'ormation about the anisotropy in the vibrations of the oxygen atoms 

(Hewat, 19728.). Nevertheless a large amount of information is retained in a 

powder pattern, includinginformation about the anisotropy of the vibrational 

amplitudes. 

By making use of all of this information it is often possible to learn as 

much about a crystal structure :from a one day powder scan as from a much longer 

period on a single orystal instrument: the powder patterns mentioned in this 

report required less than twenty-four hours of instrument time each. In a single 

crystal experiment, diff'Ioactometer time is spent in aligning the crystal and 

ohecking for twinning., ext:inction etc. s::>metimes a number of crystals must be 

tried to find the best one. Even with on-line computer control, a single crystal 

instrument is often. inefficient in operation~ If integrated Bragg intensities 

are required, most of the time i8. spent off the oentre of the peak, measuring 

the base and the background regio1W, and more time is spent re-orientating the 

crystal for each Bragg peak. Much less time is spent on aligning and testing a 
,.'"\ . 
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powder specimen, and for complicated patterns, a greater proportion of the 

operation time is spent on counting near the centre of s. Bragg peak. A. simple 

counter scan is sufficient for a powder run, so that an expensive computer is 

not required to control the experiment. 

A.part from the obvious cost-benefit advantages of high rates of data col­

lection, the stu~ of the effect on the struoture of changes in temperature, 

pressure, etc. becomes ve~ attractive when the run time is short. Such 

cha.D.ges in the environment of a sample are very much easier to arrange on a 

powder diffractometer than on a single crystal machine, where the sensitive 

crystal orientating mechanism is in the way. 

Extinction, or the breakdown of the usual kinematic diffraction theory 

for the large single c~stals needed for neutron structural work, introduces 

systematic errors into single crystal data and limits the precision with which 

the orystal structure oan be obtained from such data. Other systematic errors 

occur because of the difficulty of oorrecting for thermal diffuse scattering. 

The extinction effect is very small for the powder method and the contribution 

f'rom thermal. diffuse scattering appears to be less important, so that in some 

cases more precise structures can be obtained with the powder method. 

Finally it should be remembered that the profile program is a technique .-' 

for 8tructure refinement: it Was not intended to oompete With methods such as 

those based on Fourier techniques for the solution of struotures about which 

very little is known. However with neutron diffraction we are almost always 

trying to refine the details of a structure which has already been solved 

approximately by X~ay or other techniques - finding more precise positions 

for the atom8, espeoially those of hydrogen, and the lighter elements, measuring 

magnetic moments, nuclear and magnetio disorder, defect structures, atomic 

vibrational amplitudes etc. For these struoture ref'inement problems the 

Rietveld method of' profile analysis of neutron powder patterns often has many 

advantages over the single orystal technique. 

2. Summary of the Rietveld refinement procedure 

Figure 1 shows a section of the powder pattern obtained at Harwell for the 

orthorhom.bic phase of perovskite KNb0 (Hewat, 1973a). The error bars indicate
3 

the statistical uncertainties in the count obtained at each point, and the stars 

correspond to the caloulated pattern for the struoture obtained from the prof'ile 

refinement program. In the 2e range 61 0 to 75.50 there are 35 Bragg reflexions, 

the centres of which are marked along the base of the scan. Over 200 independent 

reflexions oontribute to the complete pattern, measured between 2e limits of 10
0 

and 116
0 in less than twenty-f'our hours. 

" 
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For each 2a point in this pattern, the prorile refinement program calculat€s 

the contributions ~rom all of'the Bragg reflexions in the vicinity~ and compares 

the total y.(calc) with the observed count y.(obs) (Rietveld, 1969). The structure 
~ ~ 

parameters, which determine y.(calc), are then adjusted to minimize the quantity 
~ 

2 x = L: w. [y. (obs)-l y . (calc)] 2 
. 1:L C 1 
:L 

The summation is over all the 28 points i, and w. « 1/~i2 = 1/Y. (obs) is the weight 
~ 1 

allotted to the count y.(obs). c'. is.'- a. seale; fdctor.. .Rietveld 15 weighting scheme 
~ 

~an 'beJ.:jl13tj,;'ieq.. in the following way. 

Suppo se that the counts y. (obs) are sample s of some population fUnction 1. y. (caic)
1. c~ J. 

which is completely defined by the crystal structure parameters. The probability 

p. that a given sample count y.(obs) will differ from! y.(calc). is'givenJby
1 1 c. ). 

[y. (ObS):"! y. (GalC)]]1 1;L C l. 
Pi cc rr exp [ - '2 2 

i ~i 

since e~ch sample count comes from a normal distribution centred on ~ Yi(caic)~ with 

standard deviation ~i =J1 Yi.(cafc).The probability P that all of the counts are 

samples of' the population .!.Y(calc) is the product7(iP i of the individual proba­

bilities C 

L (y. (obs)~ 1. y. (CS1C)]2J (1)
p :;: 1i .p. cc exp _~L::J.. C ~ 1t _ 

I 1 . ~.2 ). 0". 
~:1 :l. 

2T:pis probability is maximized if' the exponent factor X is minimized using the 

weighting scheme W cc 1/~. 2 .,. 1/y. (obs) e
i ~ :l. 

Rietveld shows that each .Bragg reflexion can be described by a gaussian peak 

Yi,k whose f'ull width at haLf height f1c depends on three parameters U, V and W 

2 2Utan 8 + Vtan6k + W11c = k 

This gauBsian 

Z. 
y. k = 1k exp - bk (28i ~ 26k )

1, 

wi th bk = 41n2/f1c2 is arbitrarily cut off at a distance 1. 5 ~ on either side of 
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its centre 26 = 26k i.e. when its contribution becomes very small. The positions 

26k and intensities ~ of these reflexions are determined by the structural para­

meters, <:se = tF
2 ~~2 J ln2!Cl\:{1t) where t is the counter step width, Fk thek 

structure factor, jk the multiplicity and ~ the Lorentz factor) • 

.At low angles, allowance is made for peak asymmetry, arid another parameter 

P is introduced (Rietveld, 1969). A fifth parameter Z is needed to specify the 

counter zero~point. In principle these parameters U, V, W, P and Z can be deter­

mined onoe and for all for a given diffractometer geometry, but in practice it 

is necessary to refine at least Z for every pattern, since any small change in 

the counter zero-point would otherwise have a large effect. on the correspondence 

obtained between the observed and calculated patterns. 

For the same reason, it is necessary to refine the lattice parameters a, b, 

c, a., 13, Y even if both they and the wavelength are known. On the other hand, 

the fact that small changes in these parameters have a large effect on X
2 

means 

that they can be determined very precisely. For example, it is possible to 

obtain values,reproducible between independent runa on the PANDA diffractometer, 

to at least ~ 0.0012 and Z 0.020 for the cell edges and angles respectively. 

3. Modifications for anisotropic temperature parameters 

When anisotropic temperature factors 13 •• are introduced, the real and
J.J 

imag~ parts of the atomic structure factor Fk =~ + ~ become (BML-

Busing, Martin and Levy, 1962) 

...B.sin2e02
 
= 1: n.b. e K L exp cos
 

I( 
"r I<rr ~ " " 

-B Sin2eyjA2
 

= L n.b. e L. exp sin.
~ K K 
I( 

/(r Kr r 

where 

cos. ) cos {
"r ) = sin 521t[hx +kY +l.z +t ]

sin. ) r K ~K J. I( r
K.r 

.­
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, .­,.­

.
.: 

The (hk) are index products trans:formed to the equivalent position r. For r 
atoms in general positions (hk) =h k , and this has been taken to be universallyr r r 
true :for the purposes of the prof'ile refinement program, as in the OR FLS program 

(BML). The usual rules (Levy, 1956) can be used to determine the symmetry 

properties of the temperature parameter tensors ~ . . (K). Constraint relations 
~J 

between the various ~ij can be introduced by means' of the parameter codewords 

and constraint cards - (§5.2) so that these symmet~ properties are retained 

throughout the refinement. 

New expressions for the derivatives or Fk with respect to the various para­

meters can easily be obtained from the above expressions: in all cases a fa~tor 

expo multiplies Rietveldts original cos and sin factors, and in the case of
K'r /Cl' Kr 

the derivatives with respect to o .. (~). additional factors of (hk) - h k also
Y~J ' r - r r 

appear inside the r summation over"-equivalent positions. 

Apart from the magnetic parameters (Rietveld, 1969), the structural para­

meters are now eq~Valent ·to· those used in the OR FLS program (BML), except 

that it is possible to specify either B.. or ~'j temperature parameters in the 
~J J. 

input data. The program converts to ~ .. for internal calcuJ..ations, but recon­
~J 

verts to B.. for the detailed printout of the results. 
J.J 

Examples of powder patterns analysed at Harwell 

The five diffractometers used :for powder work at Harwell have been desc!'ibed 

by Wedgwood (1968). We will only mention here some recent work on the PANDA. 

machine, for which the monochromator angle can be varied between 30° and 900 

giving a range of neutron wavelengths from 0.7~ to 2.~o The full width at 

half height at the focussing angle 28 (approximately equal to the monochromator 

take-off angle) is 0.5 degrees, and 28 can be set to a precision approaching 

+ 0.01 degrees over the range _100 to 1170 by means of a Moire fringe systemo 

The neutron flux (about 7 x 105 counts/cm2/sec at the specimen) is such 

that a run can often be completed in 24 hours. Any temperature between 4.2K 

and 12000 C is available at the specimen, which usually consists of 5~5 gm of 

pOWder in a vanadium or silica glass can. 

4.3 , Ferroeleotric and antiferroelectric structural transitions in
 
perovskites
 

At high temperatures the perov~kite AB03 structure is cubic~ with A 

atoms on the corners, B atoms on the centres and 0 atoms on the centres of 

the faces of the cubic cell. When the temperature is lowered, certain 

80ft vibrational modes become unstable, and the resulting atomic displace­

ments (- o.1.i) lower the symmetry of the lattice, with cha.uges of the order 

- 5 ­
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of 1% in the lattice constants (e.g. Cochran and Zia, 1968). These small 

changes cause splitting of the cubic peroYskite diffraction linea, which 

cannot then be fully resolved; quite complicated powder patterns result 

(figure 2). As well, in 'antiferroelectric' materials, the unit cell 

becomes a multiple of the original cell, and sup erlattice lines appe~ 

in the	 powder pattern. It would be impossible to analyse such complex' 

patterns on the usual basis of' integrated intensities. For example, 'more 

than 200 distinct reflexions contribute to the pattern f'or orthorhombic 

KNb 0	 (f'igure 2a).
3 

We have been able to analyse such patterns though, using the profile 

refinement program with anisotropic temperature parameters. Figure 1 is 

typical of' the fit obtained: the agreement between calculated and observed 

points over the entire pattern approaches the limit imposed by purely 

statistical f'luctuations in the number of counts observed. The atomic 

\	 positions are determined by this fit to at least ! o~01i, the cell 

dimensions to ! 0.001X and the cell angles to ~ 0.02°. To allow com­

parison of' the results of the profile refinement with those of single 

crystal work, we can calculate the quantity 

~ 2 1 2	 2 
= 100 L,., [Fk (obs )~. -Fk (calc)] /'L F, (obs ) ~uclear k	 C k .K 

using the observed intensities integrated ~or each reflexion at the end 

of the refinement. The observed counts can be divided up between over­

lapping ref'lexions according to the relative contributions of these 

reflexions computed from the fitted structure (Rietveld, 1969). Typical 

R_ 1 f'actors of 2.5 and 2.6 were obtained for the orthorhombic and 
-~uc ear 
rhombohedral modifications respectively of KNb0 • This compares ~avourp

3
ably with carefUl single crystal measurements ror similar problems (Hewat~ 

Rouse and Zaccai~ 1972; Hewat, 1973b)~ The uncertainties in the values 

of the structural parameters are no larger for the powder results than 

for the single crystal work. 

Other peroYskites studied using the powder method include BaTi03~NaNb03' 

KTa03' SrTi03' PbHfOy NaTaOy AgNb03 and AgTa03. 

4.2 ijydrogen bonded antiferroelectrics and ferroelectrics 

Single crystals or hydrogen bonded NH4~P04 and NH4~AS04. break up ." 

when the antiferroelectric structural transition is encountered at lower 

temperatures. This makes single crystal work almost impossible, but has no 

etrect on powder work. Figure 3 shows the changes observed in the powder 
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pattern of fully deuterated NH H2P04 when the antiferroelectric transitron4
occurs (Hewat, 1973c). The lattice symmetry is lowered when the hydrogen 

a~oma order on one or the other of the alternative sites available to them 

at higher temperatures, as postulated by Nagamiya. (see ~nzig~ 1957)0 The 

strong 8uperlattice reflexions appear in the low temperature phase becaus~ 

NH4~P04 is an antiferroelectric, rather than a terroelectric like nt;po
4

.­

Similar results have been obtained for deuterated NHl;.H2AS0 •
4 

Other hydrogen bonded materials etudied using the powder method include 

deuterated ferroelectric NaH (Se0 )2 and deuterated SnCI2 .2H20.
3 3

4.3 Measurements of anisotropic and anhar~onic vibrational amplitUdes 

Because extinction effects are negligible fer the powder method we have 

used powder patterns to investigate thermal vibrations in several interesting 

- materials. 

Vibrational amplitudes, and lattice ~ical measurements in general, 

are of importance for the A15 structure high temperature superconductors~ 

such as Nb3Sn~ This material also has a str~ctural transition at 45K 

which we are attempting to stuQy using the p0~der method. Figure 4 shows 

the pattern obtained at room temperature for Nb Sno A profile analysis
3

of this pattern shows that the chains of Nb atoms vibr~te with considerably 

larger amplitudes in directiooa perpendic\4l.ar tlJ these chaLl'ls than al"~ng 

them. The question of' the so-called low temperature anharmoni~ity of the 

vibrations of the Sn atoms (Hewat~ 1972b) has been resolved; further 

information will become available when the low temperature pattern~ have 

been analysed. 

Further powder work on a n,bar.monic. vibrations has been doP.e cn materia'::'s 
" ., 

:havin§:the" rocksalt and zincblende str~ctures. 

4.4 other pOWder work at Ha-~'ell using the p~file ~e[~nement proE~ 

Structural work connected with defect st",ldle ~ has been completed "by 

Ch"eetha.m and Norman (1973) on YF3 arLd BiF3" Str-'.lcb.ral :'; tudies of' magr.e th 

materials have been started by B. Haywood, and on alloy systems by A. Selfo 

It is expected that the profile refinem6nt program will become increas~ngly 

imp0rtant for the analysis of neutron powder patterns at HarwelJ, 

5. Input and 0utput format for the Fortran progrs~ 

The program is in two parts which ca.'1. be run aepara tely. 

1) preparation of profile data program~ 

2) structure ref'inement programo 

- 7 ­



COUNT 
2600 

2400 

2200 

2000 

1800 

1600 

1400 

1200 

1000 

800 

600 

400 

o-AMMONIUM 01- HYDROGEN PHOSPHATE
 
1"'" 

PARAELECTRIC PHASE 14 BARZD 
(tWAVELENGTH • 1.5 T • 22C 
.. 
rt­

=: 

~ 

>i 
IJl 

""e; 
CD 
CIII 

::t 
~ 
cm 

20 t.0 6 80 

., • r, ,I 



• I '" '. I. "",' ~ 
I'j 

COUNT 
2600 

D- AMMONIUM 01- HYDROGEN PHOSPHATE 
2400 ANTIFERROElECTRIC PHASE P212121 

WAVELENGTH = 1.5 T = 192 K2200 

2000
 

1800
 

1600
 

1400
 
I .. ;.... .... 

~. 1200 
I 

1000
 

800
 

600
 

,,*400 ~ ~ \ .' ./ W. V~ ~I~~ •. ~J. 

20 40 60
 80
 

"lll .... 
~ •
 
~ 

rT 

~ 

('4­

o""".: 

; 
~ 

III 
'1 
5:i 

.,er+­

\1l 
lit 

III 
'1 
, ­
:" 
~ 

~ .... 
<' 
III 



.1 U1 J I r, 1\ 

COUNT 

3000 
,~CUBIC NIOBIUM (3) - TIN (A 15) PM3N ;'

WAVELENGTH = 1.034 T III 22C ,.,.
OBSERVED AND CALCULATED PROFILE 

'z2500 
'c)" 

:~ 
,,-, ~:t 

I..,m ,.
2000 

=­.... 

...., 
~ 

cl 
15Q0-i . 1111 I1 ~ I I~ 

01 
(+ 

= "1 
ft) 

Ql 
i== 

~ rg1000~ . J I 11 !I 11 II I 11 1f t ft 

g 
~ 

. 'I:' 
s:a.. 
i== 
n 
rl­

500 ~ J \ 1 I 11 tl 11 I I 1I 1I1111 JIII n 11111 I~ 

20 40 60 80 100 2ft 

" 
I •• ," 



5.1 Preparation of profile data 

This program corrects the measured profile intensities Y. for back­
::L 

ground. It also determines those reflex:ions which can theoretically 

contribute to the intensity Y. i.e. those which are located within 1~ 
~ 

times their halfwidth of the position 26 .• 
~ 

The output, origina~ saved on magnetic tape, is now stored in 

a private or scratch disk area, to be used as the input for the refine­

ment program. 

5. 1 .1 Forma. t of the data cards 

Data cards for both programs are punched wherever possible 

in fields of 8. 

1.	 FORMAT (20A4) 

TITLE •	 - cop~isting of any Holerith information. 

This will be used as a heading for the 

printer output. 

2•	 FORMAT (A4) 
. .'. ID.	 - problem identification, any four 

charaot~rs inoluding blanks. 
~ -.-h :.-l 

.3.	 FORMAT (6F8) 

a,b, c,o., 13,y. - lattice constants of the real ~ace cell 

a,b,c in i; o.~~,Y in degrees. 

4-.	 FORMAT (J,.d)LCfF"$,'I }J:L(J 
- neutron '\'):tvelength in 2,; O¥- K..c I ) "-.. X -'1 J 

- appr-oximate zeropoint reading of 

counter in 0.01 degrees 28. 

u,V,w. - approximate halfwidth parameter~ 

2It ::: U tan	 e + V te.ne + W 

where H is	 the full width of a single 

reflexion at ha:f height, in 0.01 

degrees 28. 
~o-- :--. I. (c1'-.... ..~ 

5. ~ cards	 FORMAT (218) 

(i) pos(1)) B/G(1).	 - a number (~,< 50) ef' c.ards 3 each 

(ii)	 pos(~») B/G(2). containing a 26 angle pos(i) in 0.01 

. degr6~S 26, and the backgrcund count . B/G(i) at this angle. These cards 
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- 100 

6.	 OPl'r ONAL ~ 10 cards 

-low(i), -high(i). 

- 100 

7. 

N. 

8. 

NH,NK,NL. 

9.	 N cards
 

rCODE,
-.. 

must be in order of increasing 26, 

and are terminated by a card containing 

-100. in the first field. 

The background count at any other 

angle is obtained from these values by 

linear interpolation. 

FORMAT (218) 

These cards specify up to ten regions 

of the powder pattern, between 26 = 
low(i) and 26 ~ high (i) in 0.01 degrees 

26, which are to be excluded from the 

refinement. N.B. low(i) and high(i) 

are preceded by negative signs for 

reasons of program control. 

This set of cards, if inclUded, 

is terminated by a card containing 

-100 in the first field. 

FORMAT (r8) 

number of reflexions in the reflexion 

list to follow. 

FORMAT (3r8) 

denominators of the Miller indices 

h,k,l. These are included to 

eliminate the need to write noo­

integral btiller indices in oase of cell 

enlargemenL The program interprets 

the given indices in the reflexion 

list as h/NH, kINK, l/NL~ 

FORMAT (518) 

; 1 intensity (h,k,l) due solely to 

nuclear scat t ering 

= 2 intensity (h,k,l) due solely to 

magnetic scattering 

=3 intensity (h,k,l) due to both 

nuclear and magnetic scattering 
;:..,	 ;~~.:.:I-"7~ .t'''',J,+ " .."",'1 ~la..., ~ 
'" S- t' ~. ~" ·1- '/ -



••••• 

...	 the Miller indices (see card 7). 

They can be generated on cards for a 

givan Laue group using a program 

written by J. B. Forsyth of the 

Rutherford Laboratory, Harwell. All 

renexions which contribute to the 

pattern must be included. 

MULT.	 - the multiplicit,y of reflexion h,k,l. 

10. 

a. ,	 ... counter starting angle in 0.01 degrees 
26. JI l....n tL-- 10 :"".w'-4~'~~'~3 .c..__ 

~~w._ ~:~ ....Vj~.f61.~..::I ...... ~~.,J. 
D.	 , - counter step size in o.~ degrees 2e.~ 

_ ~(tJ~; ""S po:.....:r 
(.(), - counter finishing angle in O. ~ degrees 

26. 

11. (ol -a.)/1 0 cards	 FORMAT (1 or8) •...,. er '(',;~ l)) 

+(a.) ,I(a.-+8) ••• I (0.+1 en ) • - the powder pattern counts including
 

background, at angles a.+nll.. There
 

are 10 counts per card.
 
-	 ~ 4-- p\ "'0 -tL.- A~) ~ __ '0 JCou...,.;t 

5.1.2 Printout for profile preparation program 
-, 

The ref'lexion list is printed with the heading 

NO. CODE H K L MUtT HW POON 

an ordinal number NO. having been allocated to each reflexion h,k, l.
 

The halfwidtb HW and posi tion POSN are in O. 01 degree 26 units.
 

The profile intensity list is printed with the heading 

POON I+B B I w NO. NO. NO. 

and contains the interpolated background B and count intensity I 

corrected for background at each step position POSN. W = 250/I+B~~ 

is the weight allotted to each of these counts. The ordinal numbers 

of all of the reflexions which contribute to this count are listed 

under th? headings NO. I ..~-Itw.--: t:..~ ~""-- qo .~zr:~ 
Ih\.~e*t~ c.JI-ti..tA, ~.I ,--t ~ II~ f- I")..-f'y", "'~~.A I. ,_ 

This data is saved on a private or scratch disk area for use
 

later in the refinement program; :~ ~ryu--t <.T- iJA",.-+ 2..
 

5.2 structure refinement 

The profile and structure parameters are stored in array X. .• With N 
J.,J 

atoms the array elements are 

-	 10 ­



x 
I< 

· · · · · · G 

U 

y 
K 

i =

P 

V 

z. 
K­

1,N 

11t,(,)-
W 

B­
K 

itl:") 
~ 

Z 

N 
I( 

& 

*A 

Kx 
i< 

B 

Ky-
I( 

e 

Kz. 
I( 

D 

f3 1l 

E 

13 22" 

F 

(333" ~12" f3 
13

/( f3 2S 

Symbols not previously_ mentioned ,are' defined in
 

RietveldIS paper (1969). _
 

For each of these X. . a codeword ex. . is needed. If this codeword 
~,J ~,J 

is zero, the corresponding X. . is held fixed throughout the refinement, but 
~,J 

otherwise the codeword specifies the ordinal number p of' the parameter X. .'
1.,J 

P runs from 1 to size, where size is the dimension of the least squares 

matrix of" parameters; every number p in this interval must be allocated to 

some X.. , but the order of allocation is unimportant.
l.,J 

These codewords may also be used to specify simple linear relations~ 

such as y = 8.X, between the X~j' since the codeword for X. . is defined as 
... 1., J 

.-. 
cx. j sign(a) x [1Op + ]a]].= J., 

If x is regarded as the 8th parameter for the refinement (p = 8) and z the 

9th, the codewords for the atom co~ordinates (x, -~, z) would be (81., 

-80.25, 91.). For each increment fix in x, an increment -0.25 fix would be 

added to y. 

Since these codewords specify relations between increments$ the same 

codewords would be used if the atom position was actually (x, ~+i, z): 

the constant y displacement of ~ is specified by the initial values given 

for the atom co-ordinates, and is preserved whatever increment is added 

to x. 

A facility ~or the introduction of more complex relations between the 

variables is also available. For example, any linear relation such ss 

aXi,j + b~,l + cXm,n = d 

can be introduced by specifYing a,i,j; b,k,l, c,m,n; etc. and d on the 

appropriate constraint cards. The variables X. ., ~ l' X etc. should 
~,J -1<, m,n 

all have different least squares parameters assigned to them i.e. 

- 11 ­



o -# ex. . f. CX- 1 f. e etc. 
~JJ --K, mJn 

For a quadratic relation such as 

2 
aX.	 . + bX. lL- L + eX X = d (2 ) 

~JJ --k, -le, m,n MJN 

the left hand side should first be differentiated, giving 

In this expression, all the terms for which oX.. = 0 i.e. for which the 
~,J 

codeword ex. . 
]'J J 

= 0, 
. 

are to be cancelled. Assuming C~ L = 0,, the expres­

sion reduces to 

2aX. .ax. . + bL_ Lax..	 1 + ex ox.. N + cX -dX (3)
~,J	 ~,J -""X, -K, m,n -b1, M,N- m,n 

The quadratic relation (2) is then introduced by specifying 2a,i,j,i,jj 

b,K,L,k,lj c,m,n,M,Nj c,M,N,m,nj and d on the constraint cards. 

No mixed relations of linear snd quadratic terms are allowed. The 

maximum number of terms in (1) and (3) is 9 and the total number of linear 

snd quadratic relations must not exceed 4 unless the dimension statements 

in the Fortran program are adjusted appropriately. 

5.2.1 Format of data cards 

1.	 FORMAT (20A4-) 

TITLE - as for first program 

2.	 FORMAT (A4,4X,F8,r8,3F8,r8) 

ID,	 - the same problem identifier used in 
programe 1. LJ:__+.a-r:-...l~ 

e: , - forced termination of refinement if for all 

parameters,calculated shift < £ estimated x 
error6 

CALC, =0 when only nuclear intensities are to be 

calculated, i.e. if CODE =1 for all 

reflexions. 

=1 when the magnetic intensities are to be 

calculated according to the formula of 

Halpern and Johnson (1939). 

- 12	 ­



PH,PK,PL, 

LIM. 

.1"". HLCSl,J-:..IJ~ 

3. 

CENTRE, 

EQUIV, 

TYPE, 

FORM, 

ATOM, 

Rar, 

=	 2 when the average magnetic intensities are to 

be calculated in a uniaxial configurational 

sp in symme try. 

=3 when the average magnetic intensities are 

to be calculated in a cubic configurational 

spin symmetry. k,_ 
=- ~ c.. ......u: ......... ')C- «'4.'1 :. ~ C~I ::< ...........1 
- Miller indices of the normal to the surface 

of plate like crystals. When no preferred 

orientation correction. is requ~redJ the 

value of" these indices is irrelevant. 

- the limiting angle in 0.01 degrees 28 below 

which the diffraction peaks are to be cor­

rected for the asymmetrical vertical diver­

gence effect. ~Ot(..M4T C"!.Fr:}I.) , r tI 
_ '1 +C.4-Lt::-l. Tk """,-/1 a....<.. ~) ~T'v ""-.X1~j"'~1~.j1~ 

FORMAT (6r8,F8) (DO' ) 

= 1 for non centrosymmetric space groups 

=2 for centrosymmetric space groups 

A magnetic st~cture is centrosymmetr~c
 

when the atoms in the centre or symmetry
 

related positions have equal magnetic vectors
 

pointing in the ~ direction.
 

- number of equivalent positions. These should 

not be related by a centre of symmetryo The 

description of the untransformed position 

(x,y,z) is not included, but is generated 

by the program. 

- number of nuclear scattering lengths, CH"' ~l,A.~~
 
~f X-wr.., S~ if.e-:", I--e..--fr".,~
 

- nulnber of normalizeu magnetic scattenng
 

curves) ~ f :~f'€ f.r...r )(- -)j
 

-	 number of atoms. 

- number of magnetic vector rotation matrices
 

for each quivalent position~ 'Vhen there are
 

magnetic atows, ROT should always be larger
 

than zero~ even when EQUIV c., O~ Also in this
 

latter case~ a number of ROT identity matrices
 

are generated by the program for the untrans­


formed (x,y ~ z).
 



LABDA l LOr ""'\0 Pr1. neutron wavelength in .R, ,,~~ ~M a.J. K..<
J l...4bDA(1,..) =0,0 +vv- \o...L'-i-~~ I 1­

4. IEQUIV X ROT' cards	 FORMAT (12F6) 

(i)a R	 R R , T ... matrix R and vector T describing an
1

,
11

, 
12

,	 
13

~1' ~2'	 B23' T2, equivalent position. There is a total 

R T3" of EQUIV such cards.R31 , R32 , 
33

, 

- matrix Mdescribing the rotation of the(i )b ~ l' M., 2' ~ 3'
 
magnetic vector of the first type of
~1' ~2'	 ~3' 

M M • magnetic vector transformations in theM31 , 32 , 33 
first equivalent position relative to(ii)a 
position (x,y,z). There is a total of 

ROT such cards after each (R,T) card. 

5.	 FORMAT (6F8) 

-12 )• •• bTYPE'	 .. total of TYPE s c~ t tering lengths • (10 cm 
.. W" x~--'1~/,CIl>.0+" J."", ...{( .....h.--.,,....... -&~.,.
 

6. sets of cards FORMAT (2Fff) 

/A ,	 list of sineft. and f-values describing(i)a sine
1 £'11· ..
 

(i)b sina~, the normalized magnetic scattering
f 12 " 

curves. Generally, when sinaA. = 0, 

f = 1. The cards (~ 20 for	 each curve)-100 
must be arranged in order of increasing

• 
(ii)a sine1/~' £'21·	 sin eft. • Each set, if pra sent, is ter­

minated by a card with -100 in the first 
field. 0 ...... IrSfdt" +~O~' ~-;(-'lA-y~/ttJl).-100 

7.	 FORMAT (I8,3F8,SI8) 

CYCLE, - number	 of refinement cycles required. 

RELAXC,	 - relaxation factor for co-ordinate shifts. 

RELAXB, - relaxation factor for temperature factor 

and preferred orientation parameter shifts. 

RELAXS, - relaxation factor for scale, occupation 

number, and magnetic vector components. 

The relaxation factor for shifts in the 

halfWidth parameters, the zeropoint, the 

cell parameters, and the asymmetry para­

meter is permanently set to 0.8. 

OUT, = 1 for printed output of observed and calcu­

lated profile intensities on last refinement 

cycle, e1 se = O. ;! Z ..tor t'. yo; .,••.f~ f {" t- ".of 
, ~i: c:~. 4. ~ ti.· q, f vo+~' t.... • 
- it. ­ I 



PUNCH, 
LW" =1/~ 3 for punched output of calculated 

and separated observed structure factors 

after last cycle. 

MATRIX, 

= 2 or 3 for punched output of observed and 

calculated profile intensities on last 

cycle, else = 0. 

= ' for printed output of correlation matrix 

with all elements multiplied by 100, 

else = O. 

CORREL, = 1 for punched output of covariance matrix 

of the co-ordinates of all atoms after 

last cycle, else ~ O. 

8. 

COORD. = 1 for punched output of coordinates tape 

with new parameters after last cycle, 

else = O. I' Inn ~ • .c.n,.. L 
~ 2 A..- ~~l,;2 ,,~............. ~. ,,"~~I-V --' 

A.1 .. f:J f" ')OIfuAT {3FB)- (3., 'Wo - _({ L\~.... i" 0 =­ 0 

overall scale factor such that y(calc) = 
c x y (obs). $e,.k. .fc;..c..~ .J...-.r ~, u..-l ~"t. !-<N-" 
')( ~ YL)S 

overall isotropic temperature parameter. 

9. 2 x ATOM cards FORMAT (M-,3J.4.,8F8/6F8) 

(i)a LABEL, - identification characters ~or atom. 

NTYP, - ordinal number of relevant scattering 

length, fN" )(-v-..') J..c"",,-D..-V':"') k+-...v-

MTYP, - ordinal number of magnetic scattering 

curve; :v.r~~x- """"JJ 

MROT, - ordinal number of magnetic vector 

rotation matrix with each equivalent 

position. For magnetic atoms MROT > 1. 

x,y,z, - fractional atomic coordinates. 

B, - isotropic atomic temperature parameter. 

This is effectively added tc the overall 

temperature parameter Q. 

n, occupation number. 

- 15 -



- magnetic vector components in the directions 

x,y,z. These are only needed when MROT >; 1. 

(i)b 

- if' DIR = +1 (see card 11) these are the13 11 , 13 22' f3 33' 
anisotropic (3 temperature parameters defined13 12 , (313' 13 23"
 
in §3.
 

OR(i)b 

B B 3' - if' DIR= -1, anisotropic B.. temperature para. ­
11 ,	 B22 , 3 l.J 

E1,3' B23" meters are given instead. Subroutine CELLB12, 

then	 calculates the (3 .. factors from the
l.J 

reciprocal cell constants a-, b*, c., 0.*, 

[3* ,	 y •• 

1 .2B1113 11 = .:4 a 

etc.(312 = i a~~12 

These E.. factors are more closely related
:LJ 

to the actual vibrational amplitudes than 

are the 13 .. factors, and are equivalent to 
:LJ 

the isotropic B-factor when 

10.	 FORMAT (4F8) 

u,v,w, halfwidth parameters as in program 1. 

z.	 - zeropoint position of counter in 0.01 

degrees 26. 

11.	 FORMAT (r8) 

DIR. = +1 when the cell constants on the following 

card are given as -A,E,C,D,E,F, 

=-1 when the real cell constants a,b,c,o.,(3,y 

are given. 

12.	 FORMAT (6F8) 

.A,E,C/D,E,F. - cell constants according to 

1/i = .At? + Bk
2 

+ C1
2 

+ Dkl + Ehl + Fhk 

OR	 12. 

a, b , c. - cell dimensions in l. 
o.,13 /y. - cell angles in degrees. 

- 16	 ­



13.	 FORMAT (2F8)
 

Go,	 ­

P. 

SIZE.	 ­

15. 2 x ATOM cards 

(i)a ex, Cy, Cz, ­

CB,	 ­

_ 
-OK", CK , CK •-x Y z 

(i)b	 C1311 ,C/322,Q333' ­

CI312 ,C/313,C1323" 

16. 

-

CQ. 

17. 

CU,CV,CW, ­

CZ. ­

18. 

CA,CB,CC, ­

CD,CE,CF. 

19. 

CG, ­

CP. ­

20. 

NLC, ­

NQC • ­

..~ ~4.c..k.o f- fj q 

pre~erred orientation parameter. 

asymmetry parameter. 

FORMAT (18) 

total number o~ least squares parameters = 
size o~ normal matrix. 

FORMAT (8F8/6F8) 

codewords for the fractional atomic co­

ordinates. 

codeword for the isotropic temperature 

parameter. J f
c.:>J.,..--J.. +u.- +l.... ne. """f...T''lM. ~",-", ........ , 

codewords ~or the magnetic vector components 

(i~ MROT ~ 1 ) 

codewords for the anisotropic f3 ..
lJ 

temperature parameters.
 

This pair of cards is needed for each of the
 

ATOM atoms.
 

FORMAT (gF8) 

codewordJ. for the overall scale factor,. 

codeword for the overall isotropic temperature 

factor. 

FORMAT (4.F8) 

codeword for the halfwidth parameters 

codeword for the counter zeropoint. 

FORMAT (6F8) 

codewords for the cell constants 

FORMAT (2F8) 

codeword for the preferred orientation param&ter 

codeword for the asymmetry parameter 

FORMAT (218) 

number of linear oop.straint functions. 

number of quadratic constraint functions. 



5.2.2 Printout of structure refinement program 

After each cycle, there is printed for each parameter, including 

the f3 ij factors 

(i) its new value (X), 
.	 -,.(ii)	 the shift (DX) applied to the old value, being the calculated 

shift multiplied by the relevant relaxation factor, 

(iii)	 its estimated standard deviation (SX) according to the
 

formula:
 

1cy(x) = I a IJ M-pp • Lwf cy(obs) ~ y(calc)]2/(N-P+C) , 

where M-1 is the diagonal element of the inverted normal matrix corre­

8pond.in~Pto the ~ parameter, nail the codeword coefficient (§5.2), N 

the number of statistically independent observations, P the number of 

least squares parameters, and C the number of constraint functions. 

The cell constants are printed in the order: ~,B, C, D, E, F. 

While the refinement is always on the components of the magnetic vector, 

the magnetic moments (M) and their corresponding standard deviations (SM) 
are also calculated frOm these components after each refinement cycle. 

The three entries after R-F~CTORS correspond with: 

= 100 l:l I(obs) .. 1. 1(calc) Ill: 1(obs).c
 

= 100L!y(ObS)"1. y(calc)IILly(obs)l,
c 

~	 1 2 2= 100 LW{ y( obs) - c y(calc)J ;1:W{ y (obs)1 

The EXPECTED R-factor = 100 J(N-P+C);'Lw[y(ObS)j2. 

R(NUCLEAR) = 100 LIInuc(obs) - 1. Inuc(calc) I~ Inuc(obs).c
 

R(MAGNET1C) = 100 L:!Imag(obs) - .1 Imag(calc) l; Lrmag(obs).
c 

N~P+C = the number of degrees of freedom, where N is the number of 

statistically independent observations y, P the number of least squares 

parameters, and C the number of constraint functions. The totals at the 

end of the printout have the following meaning: 

SUMYDIF = l:ly(obs) _! y(calc)Ic
 

SUMYOBS = L:ly(obs)I
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1
SUMYCALC =	 - L.y(calc)e 

SUMWYOBSSQ = L.W[y(Obs)j2 

1SUMIDIF =	 1: Ir (ob s) ... - r(oale)1
0 

SUMIOBS =	 1: I(obs) 

SUMNUCDIF =	 L. ]Inue(obs) ... 1. Inuc(calc) I c 

SUMNUCOBS = l: Inuc (obs) 

SUMMAGDIF =	 1:1 Imag (ob s) - 1. Imag (calc ) I 
c 

SUMMAGOBS = L Imag(obs) 

1 2
RESIDUAL = LwIy(obs) ..,. - y(ealc)] /(N-P+C)e 

SKEWNESS =	 determinantal value of the normal matrix with 

normalized column vectors. When all vectors 

are orthogonal, SKEWNESS = 10 

On the last cycle, a list of y(obs) and 1. (cale) is printed
e 

if requested, preceded by the starting and finishing angles and step 

size in 0.01 degrees 2e. 
; 

Next a list of separated integrated intensities is printed if 

requested, under the heading 

H K L INUC IMAG	 roBS DIF ESD 

where POO is	 the position (in o.m degrees 2e) of reflexion (H,K,L) 

INUC = 1. Inuc(calc)
c 

IMAG = 1. Imag (calc ) 
c
 

ITOT = 1. r(calc)

c
 

lOBS = I(obs)
 

DIF = lOBS-ITOT 

ESD = <r(IOBS). 

The denominators NH, NK~ NL of the integers H,K,L are printed 

immediately below the heading HJK,L. 

5.2.3	 Punched output of refinement program - -rt....~ Ls 1..-.._ c~~ 
t-(I~"t~ 

The possible output cards, with their formats are: 
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(1 ) n DBS + C.ALC INTENS ITIES U (If PUNCH =2 or 3) 

(i) a-,t::.,oo.	 in units of 0.01 degree 2e OrB) 

blank card 

(ii) y(obs) ,
a. 

1. y(calc) • c a. - y-values corresponding to 28 = a­

to 20. =00, one set per card (218). 

When y(obs) = 0, the value of 
1 

y(obs)oo' c y(calc)w' y(calc) is suppressed. 

blank card 

(iii)	 N. - number of reflexions contributing 

to the intensities in the above 

scattering range. (18) 

(iv) ICODE, 26 .•	 code and calculated position in 
J. 

0.01 degrees 28 for each of these 

N reflexions, one reflexion per 

card (IB, F8.1). 

3 blank	 cards 

(2) "STRUCTURE FACTORS lI (If PUNCH =1 or 3) 

(i)	 N. number of reflexions contributing 

to the pattern in the range (a., (0), 

as above (18) 

(ii) NE, NK, NL.	 denominators of H,K,L (318) 

(iii)	 H, K, L, - indices for each raflexion 

2
cF (08lc), F2

N (obs),- nuclear contribution to the caleu­
Nuc ue 

lated and observed integrated 

squared structure factors S2 
~). 

c~(calc)J J~G(ObS). - magnetic contribution to the cal­

culated and observed integrated 

squared structure factors S2 
~). 

See Rietveld (1969). 

2 blank	 cards 

(3) 1tN,EW COORDINATES tI	 (If COORD = 1). 

Cards are punched containing the 'Talues of the parameters 

obtained in the last refinement cycle, in the format required 

for direct input to the next run of the program. 

2 blank	 cards 
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- -

(4)	 lICOORDlliATES COVAAIANCES ll (If CORREL = 1) 

The covariance matrix is punched row by row (8E10.4). The rows 

(and columns) of this (3 x ATOM, 3 x ATOM) matrix refer to the atom 

co~rdinates in the order 

6.	 Example of the use of the program 

To illustrate all of the features of the modified program l the data for 

MnTa
4

SS at 4.2K, given by Rietveld (1969b), has been adapted for use aa an 

example. The un atom has a magnetic moment, so that in the structure refine­

ment the program has to take account of the magnetic scattering contribution 

as well as nu,.clear scattering. At 4.2K these magnetic moments are ferro­

magnetically ordered in the basal plane, but their direction cannot be deter~ 

mined from the p0wder data; Rietveld assumed it to be along the x axis. 

6.1	 General description of tbe test problem 

The	 space group is hexagonal p6 /mmc (No.194), with atoms in the 
3

special positions .. 
MD at 0, 0,0 (2a) 

T8 at 0, O,~ (2b)
1 

Ta2 at x,2x,~ (6b) 

51 at i,'!, z (4-f) 

at x,2x l z (12k)S2 

These positions can be described by the 12 centrosymmetric positions of 

(12k) • 

- -
 y,y-x,t+z; x...y,x,t+z;x,y,z; y,x-y,z; y-x,x,z; 

- 1x,y,z; y,y-x,z; x-y,x,z; Y,x"'Y,rz; 

with y = 2x. The lattice dimensions and angles are 

a =b =6.60529R c = 12.44817.R 

ex. = (3 =90
o 

y = 120
0 

Levy (1956) has derived relationships between the {3 .. factors foI:' these 
1J 

special positions of' this space group, using the symmetry transformation 

(y-x,y,z) which leaves (x,2~,z) unchangede He obtains ~12 = t ~22 and 

~3 =t~13· This relation also holds for the Bij factors, since 

13 " J'	 = a. *80. *B ../4. (1)
1 1 1 1J 
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Since (y-x,y,t-z) leaves (x,2x,*) unchanged, this transformation can be used 

to show that !323(Ta2 ) = O. Similarly (x,y,z) Yields = 13 for the Mn,1322 11 
TS1 and Si atoms. Thus there are four independent l3ij factors for 82, 

three for Ta2 and two for each of the Mn, Ta and Si atoms. The correct1 
choice of codewords for these parameters will ensure that these symmetry 

relations are retained throughout any refinement of the temperature factors. 

Initial values for the B.. factors can be obtained from the isotropic
~J 

B factors in terms of the angles ~., 13*, y* of the reciprocal cell; 

B = B11 

B = B cos y* etc. (2)
12 

These starting values automatically satisfy the symmetry relations for the 

13 ij since for example a* =b'" and cos y. = cos 60 = ~ so that 13 = ~ 12 1322 
according to (1) and (2). 

To limit the amount of output, only a short section of the MnTa~S8 

powder pattern, between 2e =22.690 and 2e =75.590 has been used, sampling 

Rietveld's data at intervals of 0.050 26 by linear interpolation. This 

is insufficient data to obtain meaningful results on varying all parameters 

simultaneously. The full scan is especially needed to determine the 

B factors J as is indicated by the relatively large standard deviations 

obtained for B (Ta ) and B (Ta ), which have been refined merely to11 1 12 2
 
illustrate the use of the parameter codewordso
 

All of the constra~functions consist of simple linear relations 

between two parameters i.e. 

y(Ta2) = 2x(Ta2) 

y(S2) = 2x(S2) 

f322 (Mn,Ta1 ) = !311(Mn,Ta1 ) 

!312 (K) = t ~2(K) K = all atoms 

1313 (MIl, Ta1 ' Ta2 ) = 132.3 (Mn, Ta1 ' Ta2 ) = o 

1323 (81 ,82 ) = tI3 1.3(S1,S2) 

A = B = F (hexagonal symroe try) 

These relations can therefore be specified by means of the codewords alone. 

However, to illustrate the use of the constraint functions, the relation 

A = B =F has been introduced by means of two linear functions A - B = 0 

and B - F = O. 
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...
 

, ~ 

Only two cyeles of refinement have been request~d, so that the best 

possible fit has not been achieved although the refinement is converging. 
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